Abstract: Families of vortex-like and Gaussian-like localized Airy wave packets, propagating in a self-defocusing Kerr medium, are discovered. Their propagation is described by the cylindrical Korteweg-de Vries (CKdV) equation, reduced from the nonlinear Schrödinger equation by utilizing the reductive perturbation technique. The CKdV equation is solved using the Hirota bilinear method to obtain analytical Airy wave packet families of different order. In particular, we focus on the distribution of optical intensity via numerical simulations of the Airy wave packet solutions, obtained for different initial phases and amplitudes, at given propagation distances. In distinction to the usual ring solitons, the Airy wave packets display a novel internal structure, which reveals novel nonlinear phenomena during the propagation of packets.
Introduction
In free space, the farther the beam travels, the greater its extension, due to diffraction. In a nonlinear medium, the beam can maintain its original shape and velocity if diffraction is balanced by nonlinearity [1] , [2] . If diffraction occurs in the two-dimensional (2D) transverse space, the balanced structures are known as the (2 + 1)D spatial solitons [3] , where "2" stands for the transverse dimensions and "1" pertains to the propagation distance. If, in addition to spatial dimensions one includes time as well, the resulting (2 + 1 + 1)D spatiotemporal structures are known as the light bullets. The diffraction requires large nonlinear compensation that has to come from the nonlinear medium. Therefore, the incident beam intensity must be very high (>MW/cm 2 ) in order to produce spatial solitons [4] . In a Kerr self-focusing medium, the bright 2D soliton is unstable and generally collapses after short distances. Because spatial solitons play an important role in optical information processing, which has been the subject of great attention in recent years, one is compelled to look for stable dark solitons in self-defocusing media.
Thus, according to the distribution of the transverse optical field, spatial solitons are divided into bright and dark solitons [1] , [2] , [5] . A bright soliton is a nonlinear wave whose energy is concentrated near the center of the beam. The intensity is maximum at the center, and decreases gradually in the transverse plane, tending to zero at infinity. A dark soliton exists as a low-intensity dip on a continuous wave (CW) background; the intensity at the center is zero, and far away from the center it tends to a constant at the infinity. (There also exist grey solitons, whose intensity at the center is not exactly zero.) A special mention should be made of the fact that the intensity of 2D spatial solitons may exhibit a complex flow in the transverse plane, when they possess singular phases [6] . Vortex solitons are a typical example of such solitons [7] - [10] , and they have already been studied theoretically and observed experimentally in a self-defocusing medium [11] - [14] . A number of papers on 2D spatial structures and how to obtain them have been recently published by the group of C.Q. Dai [15] - [19] .
In this work, we find a new family of nonlinear excitations in the self-defocusing nonlinear Kerr medium, which go by the name of Airy wave packets that are described by the first-and second-kind Airy functions. We focus on the distribution of optical intensity via direct numerical simulations of the Airy wave packet solutions with different initial phases for a fixed propagation distance and amplitude. A variety of solutions is used in the literature to search for new nonlinear phenomena; we account here for some special examples, such as the first-, second-and third-order Airy wave packets.
We consider the radially-symmetric transverse Laplacian in the 3D nonlinear Schrödinger (NLS) equation. Physically, the assumption of the radial symmetry is supported by a number of experimental and theoretical studies, such as the dark ring solitons in a nonlinear self-defocusing medium with the intensity-dependent refractive index [20] , small-amplitude dark solitons [21] , self-trapped necklace-ring beams [22] , and so on. However, owing to the fact that we explore Airy wave packets rather than simple solitons in this work, there is a big difference between the present research and the one considered in previous works on dark solitons [20] , [21] .
The paper is structured as follows. In Section 2, the 3D NLS equation that describes the propagation of an Airy wave packet in self-defocusing nonlinear Kerr medium is introduced. The model containing the transverse Laplacian of radial symmetry in polar coordinates is reduced to the standard cylindrical Korteweg-deVries (CKdV) equation by using the reductive perturbation technique. Then, we obtain Airy wave solutions of the CKdV equation by applying the Hirota bilinear method. Finally, we investigate the Airy wave packet dynamics by means of numerical simulations of the first-, second-and third-order solutions with different initial phases, for a fixed amplitude and propagation distance. Results are summarized in Section 3.
Model and Airy Wave Packets
We begin by considering the 3D NLS equation in a self-defocusing Kerr medium that governs the propagation dynamics of the optical field envelope u along the z-axis, which is expressed in the following dimensionless form [20] , [21] :
Here, the transverse Laplacian of radial symmetry [20] -
) describes the diffraction in the transverse plane, depending only on the radial coordinate r = x 2 + y 2 , and the last term in (1) originates from the self-defocusing nonlinearity of the Kerr medium. The solutions of (1) have been obtained using various methods, including those produced by the reductive perturbation technique (RPT) [21] , [23] - [25] . In the case of weak nonlinearity, weak diffraction, and slow modulation, the RPT includes defining new "stretched" variables R = ε(r − Cz) and ζ = εz (also known as the "multiple scale" variables), with C 2 = 1 being the wave velocity on a CW background and ε a small parameter, and assuming a solution that can be expanded in powers of ε. Thus, the solution is assumed as [20] 
where 
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The amplitude in (3A) allows a further normalization transformation of the form A 0 (ζ, R ) = −a 0 (ζ, R ) where R = −2 3 √ CR, which turns (3A) into the standard cylindrical KdV equation [26] ,
Thus, the Nth-order approximate solution of (1), u N (z, r ), can be conveniently expressed through a series of transformations noted above, as
where a
is the Nth-order solution of the standard CKdV equation (4), and
0 dζ. Furthermore, from (5) one obtains the optical intensity of the Nth-order solution of (1),
In the following, we will obtain an Airy wave packet solution of (4) by using the Hirota bilinear method and directly simulate these solutions for the corresponding optical intensity, with the fixed C = −1. Through the dependent variable transformation a 0 = 2
is a real function with respect to variables ζ and R , the bilinear form of (4) is converted into
where the subscript stands for the partial derivatives, and D m R and D n ζ are the Hirota bilinear derivative operators with the positive integers m and n, defined by [28] 
The bilinear form of (7) can be solved by the power-series expansion of f (ζ, R ), of the form
where λ is a formal expansion parameter. Substituting (8) into (7), and equating coefficients of the same power of λ, one finds analytical solutions of different orders of (4). The results are summarized as follows.
First-Order Airy Wave Packet Solution
By substituting (8) into (7) and balancing the coefficients of the same power of λ, the analytical Airy wave solutions of different orders are obtained. Here, we assume f = 1 + λf 1 , and the first-order solution is found from (7),
, where the amplitude ρ 1 (ρ 1 = 0) and the initial phase R 0 are the two real parameters determining the solution, and A i (•) and B i (•) are the first-and second-kind Airy functions [26] . With λ = 1, the first-order Airy wave packet solution of (4) in an explicit form is given by
In nonlinear optics, a vortex soliton refers to a local nonlinear excitation with a continuous helical phase, and with the intensity of the beam being zero at the center [27] . Vortex solitons have been observed in a variety of nonlinear optical materials, including Kerr media [28] , photorefractive crystals [29] and saturation materials [30] . The study of vortex solitons is of great importance in optical material applications [31] , [32] . Fig. 1 displays several examples of the first-order Airy nonlinear waves coming from the solution (4A) with different initial phases and the fixed beam amplitude ρ 1 = 3 at a propagation distance z = 50. As it is evident from Fig. 1 , the intensity is not zero at the central position (x, y) = (0, 0); hence, it is not exactly a vortex, but a vortex-like beam. A variety of vortex-like structures can be addressed by simply changing the initial phase. For R 0 = −6, as depicted in Fig. 1(a) , the structure shows similarities with the vortex beam in [27] , while for R 0 = −3 it displays a structure with smaller modulation depth, as in Fig. 1(b) . Further increasing the initial phase, from negative to positive, for example R 0 = 3 and R 0 = 6, similar vortex-like structures can be seen, cf. Fig. 1(c) and (d) . The modulation depth of the vortex-like beam at the center decreases as the initial phase increases. When |r | → ∞, the beam intensity approaches zero. Thus, the beam is a localized nonlinear wave packet.
Interestingly, the same first-order Airy wave packet solution displays very different external structure at a shorter distance, z = 10, as shown in Fig. 2 . Starting from R 0 = −6, the Airy beam features a peak whose location is at the center (intensity is 1) and a trough around the center, near |r | = 8 (the intensity is about 0.758). The shape of the beam at the center looks like a Gaussian, but here it is not of Gaussian shape and the intensity is not zero at infinity. We call it the Gaussian-like wave packet, see Fig. 2(a) . The peak of the Gaussian-like beam changes from big to small with the increase in the initial phase, as shown in Fig. 2(a)-(d) for different R 0 = −6, −3, 3, 6. It is not difficult to see that when |r | = ∞, I 1 → 1. Such a beam is also a localized wave packet that rides on a constant background. With increasing propagation distance, the central peak disappears, and the background intensity also diminishes. In appearance, the beam changes from Fig. 2 to Fig. 1 . 
Second-Order Airy Wave Packet Solution
Similarly, we obtain the second-order Airy wave packet solution of (4), by taking f = 1 + λf 1 + λ 2 f 2 . Inserting this form into (7), and for the same power series in λ, we easily obtain
), where j = 1, 2. For λ 2 , one finds
, where each term describes the first-order Airy wave packet. Thus, the second-order Airy wave packet can be expressed as
Owing to the presence of both f 1 and f 2 in (4B), the second-order Airy wave packet solution contains the overlapping and interfering contributions of the first-order Airy wave packets. We display the second-order Airy wave packet in Fig. 3 , for two different initial phases R j0 and the fixed amplitudes ρ 1 = 1, ρ 2 = 3. A typical example is displayed in Fig. 3(a) , for initial phases of the opposite signs, R 10 = −6 and R 20 = 6. Similar distributions are shown in Fig. 3(b)-(d) , for different initial phases. It should be emphasized that the beam's initial phase is a key quantity, not only for controlling the shape of the beam but also for manipulating its internal structure. As already mentioned, the second-order Airy wave packets contain the interfering contributions of the first-order packets, and the distributions obtained are related to those presented in Figs. 1 and  2 ; thus we expect to see homologous structures for the mixed states of two first-order Airy wave packets, which we also refer to as the vortex-like beams. There is an interesting feature at the flattop between the two big dips. Physically, it originates from the overlapping Airy functions in
Now, we make a numerical simulation of (5) with the solution (4B), to see spatial distributions of the second-order Gaussian-like beams, with two different initial phases. Taking the derivative in (4B) of the first and second-order Airy functions, results in the overlapping Airy beam function
dR affecting the distribution of the optical field. Results are shown in Fig. 4 , with the setup as in Fig. 2 . When R 10 = −6 and R 20 = 6, a two-layer (two peaks and two valleys) profile is obtained in Fig. 4(a) . The maximum optical intensity is located at the central point and near |r | = 2.05. Changing the two initial phases, three kinds of Gaussian-like beams are obtained, displaying a similar structure, as shown in Fig. 4(b)-(d) , where I 2 represents the intensity. 
Third-Order Airy Wave Packet Solution
Here, we give the analytical expression for the third-order Airy wave solution of (4). For this purpose, the expansion of f is assumed as f = 1 + λf 1 + λ 2 f 2 + λ 3 f 3 . Following the steps above, leads to three equations for f 1 , f 2 and f 3 , whose forms have to be recalculated. We find
where j = l; and
A simple calculation then leads to a similar expression for the third-order solution of (4),
For easier presentation, the setup and parameters are the same as in Fig. 3 , except for adding ρ 3 = 2 and R 30 = 0. As far as one can see, the spatial distributions of the third-order Airy beam become more complex, because there are now more overlapping Airy functions, contained in f 3 . In Fig. 5(a) , we show how the intensity varies at the fixed distance z = 50, as we choose the parameters mentioned before. Notice that there are three-layer structures now, for the third-order Airy beams. The rest of Fig. 5 depicts the profiles with three different initial phases at the same propagation distance z = 50, as specified in Fig. 5(b)-(d) .
We execute again the numerical simulation for solution (4C) at z = 10, with the same setup and parameters as in Fig. 5 , as displayed in Fig. 6 . This figure displays the difference and similarity with Fig. 4 , which presents the case of the Gaussian-like second-order Airy wave packet. It is possible to extend this analysis, to describe the Nth-order Airy wave packet solution of (4). The expressions become quite complex, so they will not be discussed here.
Conclusion
The paper explored novel nonlinear propagation phenomena, arising from the solution of the cylindrical Korteweg-de Vries equation, reduced from the 3D nonlinear Schrödinger equation. Using the Hirota bilinear method, evolving localized analytical solutions of different orders are found, riding on a flat background, which are depicted by the Airy functions of different kinds. We found that they can be divided into two types, which we label simply as the vortex-like and the Gaussian-like Airy wave packets.
Based on the analytical solution of the 2D NLS equation of radial symmetry in a self-defocusing medium, and utilizing the first-and second-kind Airy functions, the evolution of Airy wave packets has been explored in some detail. The extensive numerical simulations have shown that the Airy wave packets exhibit complex but still self-consistent form that we describe as the vortex-like and the Gaussian-like structures. We have investigated the spatial distributions of intensity of the first-, second-, and third-order Airy wave packets with different initial phases at fixed propagation distances and amplitudes, and found consistent behavior. We hope that the Airy spatial wave packets can be experimentally confirmed in the near future.
